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Abstrat
Given an extension R ⊆ S of rings with same set of loal units, inspired by the
works of Miyashita, we onstrut four exat sequenes of groups relating Piard's
groups of R and S.
Introdution
Let R ⊆ S be an extension of rings with identity element, and Z(R), Z(S) their enters.
In [5, 6℄, Yihi Miyashita onstruts the following four exat sequenes of groups
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Pic(R),
where Aut(S/R) is the group of ring automorphisms of S that ats by identity on R,
InvR(S) is the group of invertible R-subbimodules of S, Pic(R) and Pic(S) denote re-
spetively the Piard group of R and S; P(S/R) is the group onstruted in [6, Theorem
∗
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1.3℄, and wherein the notation U(X) stands for the units group of an unital ring X .
These sequenes were the key steps used by Miyashita in his program of studying non-
ommutative Galois extensions using a generalized rossed produt. One of the outomes
of that program was the generalization to the non-ommutative setting of the well known
seven terms exat sequene given by Chase, Harrison and Rosenberg in [3℄. He also proved
that this seven terms exat sequene is a Morita-invariant objet.
This paper is the rst step of our projet of extending Miyashita's program to the
framework of small additive ategories. Given suh a ategory C, one an assoiate to it
a ring with enough orthogonal idempotents R(C) = ⊕p,q∈CHomC(p, q) known as Gabriel's
ring. If we think about all small additive ategories and their bimodules as additive funtors
from Cop × C to the ategory of abelian groups, then the orrespondene R establishes in
fat a bi-equivalene from the 2-ategory of all small additive ategories to the biategory
of unital bimodules over rings with enough orthogonal idempotents. This suggests that a
most appropriate ontext for studying small additive ategories is that of unital bimodules
over rings with enough orthogonal idempotents. Rings with loal units (see Denition
below) are a slight generalization of rings with enough orthogonal idempotents. In this
diretion, our rst task to be ompleted is the onstrution of sequenes similar to those
above for extension of rings R ⊆ S with same set of loal units. This will be fullled in
this paper. It is worth notiing that Miyashita's ontrution an not be transfered word
by word to our ontext, sine we are dealing with several objets rather than with only
one. This makes a big dierene in time to make any alulations. It is noteworthy that
our methods an be seen as omplete and detailed, even for the unital ase.
Notations and basi notions: In this paper ring means an assoiative and not
neessary unital ring. We denote by Z(R) (resp. Z(G)) the enter of a ring R (resp. of a
group G), and if R is unital we will denote by U(R) the units group of R, that is, the set
of all invertible elements of R.
Let R be a ring with a xed set of loal units E. This means that E is a set of idempotent
elements suh that for every nite subset {r1, · · · , rn} of R, there exists an element e ∈ E
suh that
e ri = ri e = ri, for i = 1, · · · , n,
see [1℄ and [2℄. We will use the notation
Unit{r1, · · · , rn} :=
{
e ∈ E| eri = rie = ri, for i = 1, 2, · · · , n
}
.
A right R-module X is said to be unital provided one of the following equivalent
onditions
(i) X ⊗R R ∼= X via the right R-ation of X ,
(ii) XR := {
∑
finite xiri| ri ∈ R, xi ∈ X} = X,
(iii) for every element x ∈ X , there exists an element e ∈ E suh that xe = x.
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Left unital R-modules are dened analogously. A unital R-bimodule is an R-bimodule
whih is left and right unital. Obviously any right R-module X ontains XR as the largest
right unital R-submodule. In all what follows we onsider an extension of rings with loal
units R ⊆ S (having the same set of loal unit E). Observe that sine R and S have the
same set of loal units, any right (resp. left) unital S-module an be onsidered as right
(resp. left) unital R-module by restriting salars. Furthermore, for any right S-module
X , we have XR = XS. Given two subsets W and V of S, we denote by
WV =
{∑
nite
wivi ∈ S| wi ∈ W, vi ∈ V
}
.
1 The rst exat sequene of groups
Let R ⊆ S be an extension of rings with loal units, we denote by InvR(S) the set
of invertible unital R-subbimodules of S. That is, X ∈ InvR(S) provided that X is a
unital R-subbimodule of S and there exists another R-subbimodule Y of S suh that
XY = Y X = R. Clearly, this denes a group struture on InvR(S) whose neutral element
is R.
1.1 Lemma. Let X be an element of the group InvR(S) with inverse Y . Then there are
two R-bilinear isomorphisms
X ⊗R Y
∼= // R Y ⊗R X.
∼=oo
In partiular, the maps
S ⊗R X
ml // S,
s⊗R x
 // sx
and X ⊗R S
mr // S
x⊗R s
 // xs
are isomorphisms of S-R and R-S-bimodules, respetively.
Proof. The rst isomorphism is given by the map ς : R −→ X ⊗R Y whih sends r 7−→∑
(r) x(r) ⊗R y(r), where r =
∑
(r) x(r)y(r) ∈ R = XY . This is a well dened map sine∑
(r) x(r) ⊗R y(r) = 0 if and only if r =
∑
(r) x(r)y(r) = 0. This equivalene says that ς
is also injetive. Now, given an element r ∈ R, we an easily hek using the equalities
R = XY = Y X , that ς(r) = ς(e)r = rς(e), for any unit e ∈ Unit{r} and every element
r ∈ R. Thus ς is an R-bilinear isomorphism. Similarly we show that R ∼= Y ⊗R X . The
inverse map of mr is dened as follows: Given an element s ∈ S, with unit e, we set
m−1r (s) =
∑
(e) x(e) ⊗R y(e)s ∈ X ⊗R S, where e =
∑
(e) x(e)y(e) ∈ XY . If f is another
unit for s, then we an onsider h ∈ Unit{e, f} and we have∑
(h)
x(h) ⊗R y(h)s =
∑
(h)
x(h) ⊗R y(h)es
3
=
∑
(h), (e)
x(h) ⊗R y(h)x(e)y(e)s
=
∑
(h), (e)
x(h)y(h)x(e) ⊗R y(e)s
=
∑
(e)
h x(e) ⊗R y(e)s,
∑
(e)
x(e) ⊗R y(e)h =
∑
(e)
hx(e) ⊗R y(e)
=
∑
(e)
x(e) ⊗R y(e) h s, s = hs = sh
=
∑
(e)
x(e) ⊗R y(e)s.
By the same way, we obtain the equality
∑
(h) x(h) ⊗R y(h)s =
∑
(f) x(f) ⊗R y(f)s. Whene∑
(e) x(e) ⊗R y(e)s =
∑
(f) x(f) ⊗R y(f)s, and m
−1
r is a well dened inverse map of mr.
Similarly, we show that ml is an isomorphism of unital (S,R)-bimodules.
The Piard group Pic(R) of a ring with loal units R is dened to be the set of
isomorphism lasses [P ] where P is a unital R-bimodule suh that there exists a unital
R-bimodule Q with R-bilinear isomorphisms
Q⊗R P
r
∼=
// R P ⊗R Q.
l
∼=
oo
(1)
These isomorphisms dene in fat an auto-equivalene on the ategory of unital right R-
modules via the tensor produt funtors −⊗RP and −⊗RQ. They also satisfy the following
equalities
(P ⊗R r) ◦ (P ⊗R Q⊗R l⊗R P ) = (l⊗R P ) ◦ (P ⊗R r⊗R Q⊗R P ) (2)
(r⊗R Q) ◦ (Q⊗R l⊗R P ⊗R Q) = (Q⊗R l) ◦ (r⊗R Q⊗R P ⊗R Q). (3)
Furtheremore, we an dedue from [4, Proposition 5.1℄ that the right (resp. left) unital
R-module eP (resp. Pe) is nitely generated and projetive, for every unit e ∈ E. Thus,
for every right unital R-module N , there is a natural isomorphism
ΘN : N ⊗R Q −→ HomR(P, N)R
dened as follows. For every n ∈ N , q ∈ Q, and p ∈ P with a ommon unit e ∈ E, we have
ΘN(n⊗Rq)(p) = (N⊗Rr)◦(N⊗RQ⊗R l⊗RP )◦(N⊗Rr
−1⊗RQ⊗RP )(n⊗Re⊗Rq⊗Rp). (4)
1.2 Remark. An element [P ] ∈ Pic(R) is not neessarily represented by a nitely gen-
erated right (or left) module PR (or RP ). It is in fat a diret limit of nitely generated
and projetive right modules of the form Pe, e ∈ E. This of ourse marks a big dierene
between the study of the Piard group of a ring with unit and a ring with loal units.
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The multipliation in Pic(R) is dened by [P ][P ′] = [P ⊗R P
′] and the neutral element
is [R]. By Lemma 1.1, we have a morphism of groups
InvR(S)
[−]
// Pic(R).
Now, dene AutS−R(S) to be the units group of the monoid HomS−R(S, S) of all S-R-
bilinear endomorphisms of S. In other words the set of all S-R-bilinear automorphisms
of S. In the unital ase one an easily hek that this group is isomorphi to the group
of units of the subring of R-invariant elements of S. Here, one an show that for every
idempotent element e ∈ R and every element λ ∈ AutS−R(S), we have
λ(e)λ−1(e) = e = λ−1(e)λ(e). (5)
That is, λ(e) belongs to the units group of the unital subring of (eRe)-invariant elements
of eSe.
1.3 Lemma. Let R ⊆ S be a ring extension with the same set of loal units. Then the
map
AutS−R(S)
D // InvR(S)
λ
 // λ−1(R)
is a homomorphism of groups with kernel in the enter sub-group of AutS−R(R), i.e.,
Ker(D) ⊆ Z(AutS−R(R)).
Proof. For every λ ∈ AutS−R(R), we have
λ(R)λ−1(R) = λ−1(λ(R)R) = λ−1 ◦ λ(R) = R.
Similarly, we get λ−1(R)λ(R) = R. Therefore, λ−1(R) ∈ InvR(S). Thus D is a well
dened map. Now, we have D(1) = R (here 1 denotes the neutral element of the group
AutS−R(R)), and for every pair of elements λ and γ in AutS−R(S), we have
D(λ ◦ γ) = γ−1(λ−1(R))
= γ−1(λ−1(R)R)
= λ−1(R)γ−1(R)
= D(λ)D(γ).
Thus D is a morphism of groups. Moreover, if λ ∈ Ker(D), then λ(R) = R. So let γ be
an arbitrary element of AutS−R(S), we have
λ ◦ γ(s) = λ(γ(se)), es = se = s, e ∈ Unit{s}
= γ(s)λ(e), λ(e) ∈ R
= γ(sλ(e))
= γλ(se) = γ ◦ λ(s),
for every element s ∈ S. So we have λ ◦ γ = γ ◦ λ, for every element γ ∈ AutS−R(S).
Whene, Ker(D) ⊆ Z(AutS−R(S)).
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1.4 Proposition. Let R ⊆ S be a ring extension with the same set of loal units E. Then
we have a ommutative diagram of groups with exat rows
1 // Ker(D)
_

//AutS−R(R)
D // InvR(S)
[−]
// Pic(R)
1 // Z(AutS−R(R)) //AutS−R(R)
Moreover, we have
Ker(D) =
{
λ ∈ AutS−R(S)| λ(e) ∈ U(Z(eRe)), for every element e ∈ E
}
.
Proof. Let us rst show that Ker([−]) = Im(D). So given X ∈ InvR(S) suh that [X ] =
[R], we know that there is an R-bilinear isomorphism ϕ : X → R. Set
λ : S
m−1l // S ⊗R X
S⊗Rϕ // S ⊗R R ∼= S,
where ml is the isomorphism of Lemma 1.1. By denition λ is an S-R-bilinear automor-
phism of S. We laim that λ−1(R) = X. To this end, onsider r ∈ R and put r =∑
(r) y(r)x(r) ∈ Y X , where Y is the inverse of X in InvR(S). So λ(r) =
∑
(r) y(r)ϕ(x(r)),
and we have
λ−1(r) = ml ◦ (S ⊗R ϕ
−1)(r ⊗R e), where r = er = re, e ∈ E
= ml(r ⊗R ϕ
−1(e))
= rϕ−1(e) ∈ X,
and this shows that λ−1(R) ⊆ X . Conversely, given an element x ∈ X , we have ϕ(x) ∈ R,
and
λ−1(ϕ(x)) = ml ◦ (ϕ(x)⊗R ϕ
−1(e)), where ex = xe = x, e ∈ E
= ϕ(x)ϕ−1(e)
= ϕ−1(ϕ(x)e) = ϕ−1 ◦ ϕ(x) = x,
that is, X ⊆ λ−1(R) whih ompletes the proof of the laim. This shows that Ker([−]) ⊆
Im(D). Conversely, let X ∈ Im(D), that is, X = λ−1(R) for some λ ∈ AutS−R(S). The
restrition of λ to the R-subbimoduleR gives an R-bilinear isomorphism ϕ = λ−1/R : R→ X.
This means that [X ] = [R] in Pic(R). Therefore, Im(D) ⊆ Ker([−]), and this proves the
stated exatness. The rst statement is then dedued from Lemma 1.3.
Now, let λ ∈ AutS−R(S) suh that D(λ) = R, that is, λ
−1(R) = R. So we have
λ(R) = R, and that λ(e) ∈ R for every unit e ∈ E. Given an arbitrary element r ∈ R
and e ∈ Unit{r}, we have λ(r) = rλ(e) = λ(e)r. Hene, λ(e) ∈ Z(eRe), for every
element e ∈ E. By equation (5), we get that λ(e) ∈ U(Z(eRe)), for every element e ∈ E.
Conversely, if λ ∈ AutS−R(S) suh that λ(e) ∈ U(Z(eRe)), for every element e ∈ E,
then learly we have λ(R) ⊆ R. The reiproal inlusion also holds sine by equation (5),
λ−1(r) = rλ−1(e) ∈ R, for every r ∈ R and e ∈ Unit{r}. Thus λ(R) = R, and the stated
equality is proved.
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2 The seond exat sequene of groups
Let us denote by AutR−rings(S) the units group of the monoid EndR−rings(S) of all ring
endomorphisms whih at by identity on R. Given an element φ ∈ AutR−rings(S) and
unital S-bimodule M , we denote by Mφ the unital S-bimodule whose underlying left S-
module oinides with SM and its right S-module struture is given by restrition of salars
using φ. That is, M with the following S-biation
t.mφ = (tm)φ, and mφ.t = (mφ(t))φ, for every mφ ∈ Mφ, t ∈ S.
2.1 Lemma. Let R ⊆ S be a ring extension with the same set of loal units E. Then there
is a morphism of groups
AutR−rings(S)
[S−] // Pic(S)
φ  // Sφ.
Proof. It is lear that [S1] = [S], where 1 is the neutral element of the groupAutR−rings(S).
Now, if φ, ψ ∈ AutR−rings(S), then the identity map Sφψ → (Sφ)ψ sending sφψ 7→ (sφ)ψ
denes an S-bilinear isomorphism. Namely, the left S-ation stills by denition inalterable,
so we need to hek the right one. Given an element t ∈ S, we have
sφψ.t = sφψ(t) = sφ.ψ(t) = (sφ)ψ.t,
for every element sφψ ∈ Sφψ. This shows that [Sφψ] = [(Sφ)ψ] in the group Pic(S).
On the other hand, we know that Sφ is a right unital S-module, thus Sφ ∼= Sφ ⊗S S.
Applying the restriting salars funtor (−)ψ, we obtain (Sφ)ψ ∼= (Sφ⊗S S)ψ. We then get
[Sφψ] = [Sφ ⊗S Sψ], sine the map (Sφ ⊗S S)ψ → Sφ ⊗S Sψ sending (sφ ⊗S t)ψ 7→ sφ ⊗S tψ
is an S-bilinear isomorphism. We then onlude that the stated map is a morphism of
groups.
2.2 Lemma. Let R ⊆ S be a ring extension with the same set of loal units E. Then there
is a morphism of groups
AutS−R(S)
d(−)
//AutR−rings(S)
λ
 // λ̂,
where λ̂ : S −→ S sends s 7−→ λ−1(e) s λ(e), for e ∈ Unit{s}.
Proof. Let us rst hek that λ̂ is a well dened map. Consider f, e ∈ Unit{s} two units
for a xed element s, and let h ∈ Unit{e, f}. Then, we have
λ−1(h)sλ(h) = λ−1(h)eseλ(h)
= λ−1(he)sλ(eh)
7
= λ−1(e)sλ(e).
Similarly, we get λ−1(h)sλ(h) = λ−1(f)sλ(f). Thus λ̂ is independent from the hosen unit.
This map is learly additive, and for every pair of elements s, t ∈ S, we have
λ̂(st) = λ−1(e) s t λ(e), e ∈ Unit{s, t}
= λ−1(e) s e t λ(e)
(5)
= λ−1(e) s λ(e)λ−1(e)t λ(e)
= λ̂(s)λ̂(t).
This shows that λ̂ is multipliative. Now, given an element r ∈ R, we have
λ̂(r) = λ−1(e)rλ(e), e ∈ Unit{r}
= λ−1(er)λ(e)
= λ−1(r)λ(e)
= λλ−1(re) = λλ−1(r) = r.
We have proved that λ̂ ∈ AutR−rings(S). It is lear that 1̂ = 1. Given a pair of elements
γ, λ ∈ AutS−R(S), we have
λ̂ ◦ γ(s) = (λ ◦ γ)−1(e) s (λ ◦ γ)(e), e ∈ Unit{s}
= γ−1(λ−1(e)) s λ(γ(e))
= λ−1(e)γ−1(e) s γ(e)λ(e)
= λ−1(e)γ̂(s)λ(e)
= λ̂ ◦ γ̂(s).
Therefore, (̂−) is a morphism of groups.
2.3 Proposition. Let R ⊆ S be a ring extension with the same set of loal units E. Then
there is an exat sequene of groups
1 // Ker
(
(̂−)
)
//AutS−R(S)
d(−)
//AutR−rings(S)
[S−] // Pic(S),
where
Ker
(
(̂−)
)
=
{
λ ∈ AutS−R(S)| λ(e) ∈ U(Z(eSe)), for every idempotent e ∈ E
}
.
In partiular Ker
(
(̂−)
)
= AutS−S(S) the group of all S-bilinear automorphisms of S.
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Proof. Let φ ∈ AutR−rings(S) suh that [Sφ] = [S] in the Piard group Pic(S). This
implies that there exists an S-linear isomorphism ω : SSS → S(Sφ)S. In partiular, this
map satises the following equation
ω(t s u) = t ω(s)φ(u), for every elements s, t, u ∈ S. (6)
Sine φ ats by identity on R, the isomorphism ω indues an S-R-bilinear isomorphism
λ : SSR → SSR sending s 7→ ω(s). Given s ∈ S with unit e ∈ Unit{s}, we have
λ̂(s) = λ−1(e) s λ(e)
= ω−1(e) s ω(e)
(6)
= ω−1(eφ(s))ω(e)
= ω
(
ω−1(eφ(s)) e
)
= ωω−1
(
φ(e)φ(s)φ(e)
)
= φ(ese) = φ(s),
that is, λ̂ = φ, and this shows that Ker([S−]) ⊆ Im((̂−)).
Conversely, given λ ∈ AutS−R(S), onsider the unital S-bimodule S(Sbλ)S. Dene a
map ω : S(Sbλ)S → SSS by sending s 7→ λ
−1(s). This is learly a left S-linear map. On the
other hand, if s, t ∈ S with e ∈ Unit{s, t} are given, then we have
ω(s λ̂(t)) = λ−1
(
s λ−1(e) t λ(e)
)
= λ−1
(
λ−1(s) λ(t)
)
= λ−1(s) λ−1
(
λ(t)
)
= λ−1(s) t = ω(s)t,
whih implies that ω is also right S-linear. Therefore, [Sbλ] = [S] in Pic(S), for every
λ ∈ AutS−R(S), and this proves that the stated sequene in exat.
Now, let λ ∈ Ker((̂−)). Then for every s ∈ S, we have λ̂(s) = s. By equation (5), we
thus get λ(e)s = sλ(e), for every element s ∈ S with e ∈ Unit{s}. In partiular, we have
eteλ(e) = λ(e)ete, for every e ∈ E and t ∈ S.
Therefore, λ(e) ∈ U(Z(eSe)), for every e ∈ E. Conversely, onsider λ ∈ AutS−R(S) suh
that λ(e) ∈ U(Z(eSe)), for every e ∈ E. Then, we have
λ̂(s) = λ−1(e) s λ(e) = λ−1(e)λ(e) s = e s = s,
where the third equality is derived from equation (5), and thus
Ker((̂−)) =
{
λ ∈ AutS−R(S)| λ(e) ∈ U(Z(eSe)), for every idempotent e ∈ E
}
.
The last stated equality is an easy onsequene of the previous equality.
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3 The group P(S/R)
Let R ⊆ S be an extension of rings with the same set of loal units E. Given a unital
S-bimodule X , we an onsider it obviously as a unital R-bimodule. Let P is a unital
R-bimodule and X a unital S-bimodule together with an R-linear map φ : P → X suh
that
P ⊗R S
φr // X,
p⊗R s
 // φ(p)s
S ⊗R P
φl // X
t⊗R q
 // tφ(q)
(7)
are isomorphisms, respetively, of (R, S)-bimodules and (S,R)-bimodules. We will denote
this situation by P [φ] +3 X . These objets dene in fat a ategory whih we denote by
M(S/R) and given by the following data:
Objets: They are those P [φ] +3 X desribed above.
Morphisms: They are pairs (α, β) : ( P [φ] +3 X ) → ( P ′ [φ′] +3X ′ ) where α : P →
P ′ and β : X → X ′ are, respetively, R-bilinear and S-bilinear map, rendering
ommutative the following diagram
P X
P ′ X ′
φ //
α

β

φ′
//
The omposition operation and the identity morphisms are the obvious ones. This
ategory is in fat a monoidal ategory with multipliation dened as follows: Given two
objets P [φ] +3X and Q [ψ] +3 Y in M(S/R), one an dene the map
χ : P ⊗R Q
φ⊗Rψ // X ⊗R Y
ωX,Y // X ⊗S Y,
where ω−,− is the obvious natural transformation. The map χ is learly R-bilinear. By
denition, we have a hain of isomorphisms
P ⊗R Q ⊗R S
χr
))SS
SS
SS
SS
SS
SS
SS
SS
SS
S
P⊗Rψr // P ⊗R Y
P⊗Rψl
−1
// P ⊗R S ⊗R Q
∼=

P ⊗R S ⊗S S ⊗R Q
φ
r
⊗Sψl

X ⊗S Y,
whose omposition is exatly χr. Similarly we show that χl is also an isomorphism. This
proves that (P ⊗R Q) [χ] +3 (X ⊗S Y ) is again an objet of the ategory M(S/R) whih
we denote by (P ⊗R Q) [φ]·[ψ] +3 (X ⊗S Y ) .
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Now, given two morphisms (α, β) : ( P [φ] +3 X ) → ( P ′ [φ′] +3 X ′ ) and (µ, ν) :
( Q [ψ] +3 Y )→ ( Q′ [ψ′] +3 Y ′ ) in M(S/R), we have a morphism
(P ⊗R Q) [φ]·[ψ] +3
(α⊗Rµ, β⊗Rν)

(X ⊗S Y )
(P ′ ⊗R Q
′) [φ′]·[ψ′] +3 (X ′ ⊗S Y
′)
in M(S/R). The unit objet with respet to this multipliation is proportioned by the
objet R [ι] +3 S , where ι is the inlusion R ⊆ S. The axioms of a monoidal ategory
are easily veried for M(S/R) sine it was built upon the monoidal ategories of unital
R-bimodules and unital S-bimodules.
3.1 Lemma. Let R and S be as above, and onsider a unital R-bimodule P and a unital
S-bimodule X with an R-bilinear map φ : P → X with assoiated maps φr and φl as in
(7). If [P ] ∈ Pic(R) and [X ] ∈ Pic(S), then the following are equivalent
(i) φr : P ⊗R S → X is an R-S-bilinear isomorphism;
(ii) φl : S ⊗R P → X is an S-R-bilinear isomorphism.
Moreover, φ is an injetive map provided one of the onditions (i) or (ii).
Proof. We only prove (i) ⇒ (ii), the reiproal impliation follows similarly. So assume
that φr is an isomorphism, sine [X ] ∈ Pic(S), we have the following hain of isomor-
phisms:
S
κ
++WW
WWW
WWW
WWW
WWW
WWW
WWW
WWW
WWW
WWW
W
∼= // S HomS(X, X)
∼= // SHomS(P ⊗R S, X)
∼= // SHomR(P, HomR(S, X))
SHomR(P, HomR(S, X)R)
∼=

S HomR(P, X),
whose omposition κ is given expliitly by κ(s) : P → X sending p 7→ s φ(p), for every
element s ∈ S. Now, sine [P ] ∈ Pic(R), we know that eP is a nitely generated and
projetive right unital R-module, for every e ∈ E. Therefore, the map
υ : S HomR(P, X)⊗R P −→ X,
(
sf ⊗R p 7−→ sf(p)
)
is an S-R-bilinear isomorphism. This implies that φl = υ ◦ (κ⊗R P ) is also an S-R-bilinear
isomorphism. The rest of the proof is lear sine PR and RP are at modules.
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3.2 Denition. Let R ⊆ S be an extension of rings with the same set of loal units, and
onsider its assoiated monoidal ategory M(S/R). Let us denote by S(S/R) the skeleton
of M(S/R) (i.e., the set of all isomorphism lasses). We onsider S(S/R) as a monoid
with multipliation and unit indued by the monoidal struture of M(S/R). We dene
P(S/R) to be the submonoid of S(S/R), onsisting entirely of lasses [P ] [φ] +3 [X ] ,
where [P ] ∈ Pic(R) and [X ] ∈ Pic(S). By Lemma 3.1, the lass of an objet P [φ] +3 X
belongs to P(S/R) provided only φl (or φr) is an isomorphism, see equation (7).
3.3 Proposition. Let R ⊆ S be an extension of rings with the same set of loal units,
and onsider P(S/R) as in Denition 3.2. Then P(S/R) is the units group of the monoid
S(S/R).
Proof. It is lear from denitions that if P(S/R) inherits a group struture from S(S/R),
then it oinides with the whole units group of S(S/R). Thus we only need to show that
P(S/R) is a group with multipliation indued from S(S/R). Sine P(S/R) is learly
stable under multipliation and ontains the neutral element [R] [ι] +3 [S] , it sues
to show that eah element [P ] [φ] +3 [X ] has an inverse in P(S/R). To this end set
P ∗ = HomR(P, R) andX
∗ = HomS(X, S) whih we onsider anonially as an R-bimodule
and S-bimodule, respetively. Let [Q] = [P ]−1 in Pic(R) and [Y ] = [X ]−1 in Pic(S), we
know by equation (4) that there exist natural isomorphisms Θ− : −⊗RQ
∼=
→ HomR(P, −)R
and Γ : −⊗S Y
∼=
→ HomS(X, −)S. In partiular, we have P
∗R ∼= Q as unital R-bimodules
and X∗S ∼= Y as unital S-bimodules. Dene Q [ψ] +3 Y an objet of M(S/R), where ψ
is given by the following omposition of R-bilinear maps
ψ : Q
∼= // R⊗R Q
ΘR
∼=
// P ∗R
φ∗
// X∗R = X∗S
Γ−1S
∼=
// Y
where φ∗ is the restrition of the map
P ∗
φ∗
// X∗
σ  // (σ ⊗R S) ◦ (φr)
−1.
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In this way, we have a hain of S-R-bilinear isomorphisms
S ⊗R Q
ψr
I
I
I
I
I
I
I
I
I
I
I
I
I
I
$$I
I
I
I
I
I
I
I
I
I
I
I
I
I
ΘS // HomR(P, S)R
∼= // HomR(P, HomS(S, S)R)R
∼=

HomS(P ⊗R S, S)R
∼=

HomS(X, S)R
HomS(X, S)S
Γ−1
S

Y
whose omposition oinides exatly with ψr, sine we have ΘS(s ⊗R q) = sΘR(e ⊗R q)
for every element q ∈ Q and s ∈ S with unit e ∈ R. We laim that [Q] [ψ] +3 [Y ] is the
inverse of [P ] [φ] +3 [X ] in P(S/R). For this we only need to show that the following
diagram is ommutative
P ⊗R Q
l ∼=

φ⊗Rψ // X ⊗R Y
ωX,Y //X ⊗S Y
l′∼=

R [ι] // S,
where l, l′ are dened as in equation (1). So let p ∈ P and q ∈ Q both with unit e ∈ E,
and set
r−1(e) =
∑
q(e) ⊗R p
(e), l′−1(e) =
∑
x(e) ⊗S y(e),
and for eah of those x(e), we set φr
−1
(x(e)) =
∑
px(e) ⊗R sx(e) . Computing the image, we
get
l′ ◦ ωX,Y ◦ (φ⊗R ψ)(p⊗R q) =
∑
l′
(
φ(p)⊗S e r
(
q(e)l(p(e) ⊗R q)⊗R px(e)
)
sx(e)y(e)
)
=
∑
l′
(
φ(p)e r
(
q(e)l(p(e) ⊗R q)⊗R px(e)
)
sx(e) ⊗S y(e)
)
.
On the other hand, we have
φ(p)e r
(
q(e)l(p(e) ⊗R q)⊗R px(e)
)
= φ
(
p e r
(
q(e)l(p(e) ⊗R q)⊗R px(e)
))
= φ
(
p r
(
q(e)l(p(e) ⊗R q)⊗R px(e)
))
= φ ◦ (P ⊗R r) ◦ (P ⊗R Q⊗R l⊗R P )
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◦(P ⊗R r
−1 ⊗R Q⊗R P )(p⊗R e⊗R q ⊗R px(e))
(2)
= φ ◦ (l⊗R P )
(
p⊗R q ⊗R px(e)
)
= l(p⊗R q)φ(px(e)),
substituting this in the last omputation, we get
l′ ◦ ωX,Y ◦ (φ⊗R ψ)(p⊗R q) =
∑
l′
(
l(p⊗R q)φ(px(e))sx(e) ⊗S y(e)
)
=
∑
l′
(
l(p⊗R q)φr(px(e) ⊗R sx(e))⊗S y(e)
)
=
∑
l′
(
l(p⊗R q)φr ◦ φ
−1
r (x(e))⊗S y(e)
)
=
∑
l′
(
l(p⊗R q)x(e) ⊗S y(e)
)
=
∑
l(p⊗R q)l
′(x(e) ⊗S y(e))
= l(p⊗R q) e = l(p⊗R q).
This shows that the above diagram is atually ommutative, and this nishes the proof.
3.4 Remark. In ontrast with the unital ase, and as we have seen in this Setion, the
onstrution of the group P(S/R) is a ompliated task. This is due in fat that the inverse
of an element [P ] ∈ Pic(R) (resp. [X ] ∈ Pic(S)) is not represented by the right dual R-
module P ∗ (resp. X∗). Our approah an be seen also as a omplete onstrution even in
the ase of extension of rings with unit.
4 The third exat sequene of groups
Let R ⊆ S be an extension of rings with a same set of loal units, and P(S/R) the assoiated
group of Setion 3. Consider the following maps
D
′ : InvR(S) −→ P(S/R),
(
X 7−→
(
[X ] [⊆] +3 [S]
))
,
and
Or : P(S/R) −→ Pic(S),
(
( [P ] [φ] +3 [X ] ) 7−→ [X ]
)
,
Ol : P(S/R) −→ Pic(R),
(
( [P ] [φ] +3 [X ] ) 7−→ [P ]
)
.
It is not hard to see that these maps are in fat morphisms of groups. Furthermore, we
have
4.1 Proposition. Let R ⊆ S be an extension of rings with the same set of loal units.
Then there is an exat sequene of groups:
1 // Ker(D) ∩Ker(̂−) // Ker(̂−)
D/
// InvR(S)
D′ // P(S/R)
Or // Pic(S),
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where (̂−) is the map of Lemma 2.2, and D/ is the restrition of the map D dened in
Lemma 1.3.
Proof. Let X ∈ InvR(S) suh that ( [X ] [⊆] +3 [S] ) = ( [R] [ι] +3 [S] ). That is, there
exist two isomorphisms γ : X → R and λ : S → S, R-bilinear and S-bilinear, respetively,
rendering ommutative the following diagram
X
γ ∼=

⊆ // S
λ∼=

R ι // S.
Thus γ(X) = λ(X) = R. So we have λ ∈ AutS−R(S) with λ
−1(R) = X . Sine λ
is S-bilinear, we have λ ∈ Ker(̂−). We then get Ker(D′) ⊆ Im(D/). Conversely, let
X ∈ Im(D/), that is, there exists by Proposition 2.3 λ ∈ AutS−S(S) suh thatX = λ
−1(R).
This means that the following diagram
X
λ


 ⊆
// S
λ

R ι // S.
is ommutative. Whene, ( [X ] [⊆] +3 [S] ) = ( [R] [ι] +3 [S] ), and the onverse inlu-
sion is fullled. Now, let ( [P ] [φ] +3 [X ] ) ∈ P(S/R) suh that Or
(
[P ] [φ] +3 [X ]
)
=
[X ] = [S]. Thus X ∼= S as an S-bimodule. Denote by V the opy of φ(P ) in S. Sine
by Lemma 3.1 φ is injetive, we have [V ] = [P ] in Pic(R), and so V ∈ InvR(S). Hene
D′(V ) = ( [V ] [⊆] +3 [S] ) = ( [P ] [φ] +3 [X ] ). This shows that Im(D′) ⊆ Ker(Or). The
onverse inlusion is easy to hek.
5 The fourth exat sequene of groups
Let R ⊆ S be an extension of rings with the same set of loal units, and onsider the asso-
iated groups AutR−rings(S) and P(S/R) as were dened in Setions 2 and 3, respetively.
Dene the map
E : AutR−rings(S) −→ P(S/R),
(
γ 7−→ ( [R] [ιγ ] +3 [Sγ ] )
)
,
where Sγ is the unital S-bimodule of Setion 2. That is, Sγ is the S-bimodule with
underlying abelian group S and with biations:
s′ tγ s = (stγ(s))γ, for every tγ ∈ Sγ, and s, s
′ ∈ S.
The map ιγ is the anonial inlusion of R-bimodules. Using the isomorphisms stated in
the proof of Lemma 2.1, we an easily hek that the map E is in fat a morphism of
groups.
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5.1 Proposition. Let R ⊆ S be an extension of rings with a same set of loal units. Then
there is an exat sequene of groups
1 // Ker(D) ∩Ker(̂−) // Ker(D)
d(−)/ //AutR−rings(S)
E // P(S/R)
Ol // Pic(R),
where (̂−)/ is the restrition of the map (̂−) dened in Lemma 2.2.
Proof. Let γ ∈ AutR−rings(S) suh that ( [R] [ιγ ] +3 [Sγ] ) = ( [R] [ι] +3 [S] ) in the group
P(S/R). So we have a ommutative diagram
R
∼=

ι // S
λ∼=

R ιγ // Sγ ,
where λ is an isomorphism of S-bimodules. The ommutativity of this diagram ensures
that λ−1(R) = R. Now, given s ∈ S with unit e, we have
λ(es) = λ(e)γ(s) = sλ(e), in the bimodule Sγ .
Hene γ(s) = λ−1(e)sλ(e). Therefore, γ = λ̂ with λ−1(R) = R. That is, γ ∈ Im((̂−)/),
and so Ker(E) ⊆ Im((̂−)/). Conversely, if γ ∈ AutR−rings(S) with γ = λ̂, for some
λ ∈ Ker(D), i.e. λ ∈ AutS−R(S) suh that λ
−1(R) = R. Then one an easily see that
R
λ ∼=

ι // S
γ∼=

R ιγ // Sγ,
is a ommutative diagram, and thus ( [R] [ι] +3 [S] ) = ( [R] [ιγ ] +3 [Sγ ] ) in P(S/R).
This shows the exatness at the third term of the stated sequene.
Now, let [P ] [φ] +3 [X ] ∈ P(S/R) suh that [P ] = [R]. So there is an R-bilinear
isomorphism f : R → P , whih leads to the following R-S-bilinear and S-R-bilinear
isomorphisms
α : S
∼= // R⊗R S
f⊗RS // P ⊗R S
φr // X,
β : S
∼= // S ⊗R R
S⊗Rf // S ⊗R P
φl // X.
If we set γ := β−1 ◦ α : S → S, then by denitions we get
γ(s)φ(f(e)) = φ(f(e)) s, for every s ∈ S with unit e. (8)
For every pair of elements s, t ∈ S with ommon unit e, we obtain
α(ts) = φ(f(e)) ts
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(8)
= γ(t)φ(f(e))s
(8)
= γ(t)γ(s)φ(f(e)), e ∈ Unit{γ(t), γ(s)}, sine γ is R-linear
= φl(γ(t)γ(s)⊗R f(e))
= β(γ(t)γ(s)),
whene γ(ts) = γ(t)γ(s). This implies that γ ∈ AutR−rings(S), sine γ is R-bilinear.
Using again equation (8), we an easily hek that the map β : Sγ → S is in fat an
S-bilinear isomorphism. Furthermore, the diagram
R
f ∼=

ιγ // Sγ
β∼=

P φ // X,
is ommutative. This shows that E(γ) = ( [P ] [φ] +3 [X ] ). Therefore, Ker(Ol) ⊆ Im(E).
The reiproal inlusion is lear. This ompletes the exatness of the stated sequene, sine
the exatness in the seond term is obvious.
The following gure displays the four exat sequenes of groups assoiated to the ex-
tension R ⊆ S of rings with the same set of loal units.
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